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Q-factorial quartic threefolds
C. SHRAMOV
Abstract. We prove that a nodal quartic threefold X contain-
ing no planes is Q-factorial provided that it has not more than 12
singular points, with the exception of a quartic with exactly 12 sin-
gularities containing a quadric surface. We give some geometrical
constructions related to the latter quartic.
1. Introduction
A quartic threefold is a classical object of interest in birational geom-
etry. The group of birational automorphisms of a nonsingular quartic
was first studied in [2]; birational automorphism groups of singular
quartics were studied in particular in [4] (the case of a single simple
double point) and [14] (the case of arbitrary number of simple double
points). M.Mella (see [14]) proved birational rigidity and described the
generators of the group of birational automorphisms of any Q-factorial
nodal quartic. On the other hand, one cannot extend these results to
the case of non-Q-factorial varieties: there are non-Q-factorial nodal
quartics threefolds that are rational. This motivates the following ques-
tion: which conditions guarantee Q-factoriality of a nodal quartic?
Recall that a variety V is called factorial if any Weil divisor on V
is also a Cartier divisor, and Q-factorial if an appropriate multiple
of any Weil divisor is a Cartier divisor. A singular point x ∈ V is
called a simple double point (or a simple double singularity) if it has a
neighborhood analytically isomorphic to a neighborhood of a vertex of
a cone over a nonsingular quadric. If V is a hypersurface in Pn given by
the equation F = 0, the latter is equivalent to non-degeneracy of the
Hessian H(F ) at x. The variety with only simple double singularities
is called nodal.
LetX be a nodal quartic threefold. Then the following is well-known.
Theorem 1.1 (see [7]). If the number of singular points of X does not
exceed 8, then X is Q-factorial; if it is equal to 9, and X contains no
planes, then X is again Q-factorial.
This result is a particular case of the following conjecture (see, for
example, [10], [7], and also [8] for some advances).
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Conjecture 1.2. Let Y be a nodal hypersurface of degree d in P4 withs
singular points. If s < (d − 1)2, then Y is Q-factorial; if Y con-
tains no planes and s < 2(d − 1)(d − 2), then Y is Q-factorial; if
s 6 2(d− 1)(d− 2), and Y contains neither planes nor quadrics, then
Y is again Q-factorial.
By now Conjecture 1.2 is checked only for d 6 3.
The main goal of this paper is to show the following.
Theorem 1.3. Let a nodal quartic threefold X with not more than 11
singularities contain no planes. Then X is Q-factorial. If X has 12
singularities, then X is again Q-factorial with the exception of the case
when X contains a quadric surface.
Theorem 1.3 generalizes Theorem 1.1; it is a particular case of Con-
jecture 1.2. Since there are non-Q-factorial nodal quartics containing
no planes and having 12 singular points (the example is given by a
general quartic containing a quadric — see Example 4.1 below), the
statement of Theorem 1.3 cannot be refined (as well as the general
statement of Conjecture 1.2).
The proof of Theorem 1.3 occupies section 3; it uses some simple
consequences of Bese theorem (see Theorem 2.1) that are collected
in section 2. In section 4 we consider some constructions related to
a general quartic containing a quadric: we describe a (well-known)
transformation of this quartic to a complete intersection of a quadric
and a cubic in P5 with a single double point (Example 4.1); we also give
an example of a birational involution of the latter variety that does not
exist in the nonsingular case (Example4.4 and Statement 4.5).
All the varieties are defined over the field of complex numbers C.
The author is grateful to I. Cheltsov and S.Galkin for useful discus-
sions.
2. Auxiliary statements about points on surfaces
In this section we collect some statements that will be used in sec-
tion 3.
Theorem 2.1 (see [5]). Let pi : Fr,N → Fr be a blow-up of a rational
ruled surface Fr at N points p1, . . . , pN . Let D ∼ as + bf be a divisor
on Fr, where s and f denote the classes of an exceptional section and a
fiber of Fr respectively, and a, b > 0. Let LN = pi
∗D −
∑N
i=1Ei, where
Ei are exceptional divisors of pi. Let ρ = dim |D −KFr |, and
h = h1(Fr,OFr(D)⊗K
−1
Fr
) = ρ−
D2 − 3DKFr + 16
2
.
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Then the line bundle OFr,N (LN) is generated by its global sections, pro-
vided that the following conditions hold:
(i) N 6 ⌊ρ−4
3
⌋,
(ii) D2 > 7 + 4h,
(iii) any curve C of bidegree (x, y) 6= (0, 0) (i. e. linearly equivalent
to xs + yf), 0 6 x 6 a + 2, 0 6 y 6 ⌊ b+2+r
2
⌋, contains not more than
C(D −KFr − C)− 2 points of the set {p1, . . . , pN}.
Corollary 2.2. Let p1, . . . , p10, q ∈ F0 = P
1 × P1 be such points that
no curve of bidegree (1, 0) or (0, 1) contains 4 points of p1, . . . , p10, no
curve of bidegree (1, 1) contains 7 of them and no curve of bidegree
(2, 1) or (1, 2) containes all of them. Then there is a divisor D of
bidegree (3, 3) passing through p1, . . . , p10 and not passing throughq.
Proof. In the notations of Theorem 2.1 we have ρ = 35, h = 0,D2 = 18,
hence the conditions (i) and (ii) hold. Condition (iii) claims that any
curve C of bidegree (x, y) 6= (0, 0), 0 6 x 6 5, 0 6 y 6 2, contains not
more than
C(D −KP1×P1 − C)− 2 = 5x+ 5y − 2xy − 2
points of p1, . . . , p10; the check of the latter is straightforward for all
the pairs (x, y). 
Corollary 2.3. Let p1, . . . , p10, q ∈ F2 be such points that the excep-
tional section contains no points of p1, . . . , p10, no fiber contains 4 of
them, no curve of bidegree (1, 2) contains 7 of them and no curve of
bidegree (1, 3) containes all of them. Then there is a divisor D of bide-
gree (3, 6) passing through p1, . . . , p10 and not passing through q.
Proof. In the notations of Theorem 2.1 we have ρ = 35, h = 0, D2 =
18, hence the conditions (i) and (ii) hold. Condition (iii) claims that
any curve C of bidegree (x, y) 6= (0, 0), 0 6 x 6 5, 0 6 y 6 5,
contains not more than 2x2 + 5y − 2xy − 2 points of p1, . . . , p10 and is
a straightforward consequence of the assumptions (note that condition
(iii) for (x, y) = (1, 0) means that the exceptional section does not
contain any of the points pi). 
Corollary 2.4. Let p1, . . . , p8, q ∈ F2 be such points that the excep-
tional section contains no points of p1, . . . , p8, no fiber contains 4 of
them, no curve of bidegree (1, 2) contains 6 of them and no curve of
bidegree (1, 3) containes all of them. Then there is a divisor D of bide-
gree (2, 5) passing through p1, . . . , p8 and not passing through q.
Proof. In the notations of Theorem 2.1 we have ρ = 29, h = 0,D2 = 12,
hence conditions (i) and (ii) hold. Condition (iii) claims that any curve
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C of bidegree (x, y) 6= (0, 0), 0 6 x 6 4, 0 6 y 6 4, contains not more
than 2x2+x+4y−2xy−2 points of p1, . . . , p8 and is a straightforward
consequence of the assumptions. 
Corollary 2.5. Let Y ⊂ P3 be an irreducible quadric; let
p1, . . . , p10, q ∈ Y be such points that no line contains 4 of the points
p1, . . . , p10 no conic contains 7 of them and no twisted cubic containes
all of them. Then there is a divisor D ∈ OP3(3)|Y passing through
p1, . . . , p10 and not passing through q.
Proof. If Y is a nonsingular quadric, then the statement follows from
Corollary 2.2. If Y is a cone over a conic and its vertex does not
coincide with any of the points pi, q, then we are done by Corollary 2.3
applied to the preimages of pi, q under the resolution map g : F2 → Y .
If q is the vertex, we apply Corollary 2.3 to the points g−1(pi) and
an arbitrary point q˜ ∈ s ⊂ F2; this gives us a divisor D˜ ∼ 3s + 6f
passing through g−1(pi) and not containing the exceptional section s,
and hence not intersecting s, since D˜s = 0. The divisor D = g∗D˜ is
just what we looked for.
Now we have to consider the case when one of the points pi (say,
p10) coincides with the vertex of Y . Since not all of the points pi lie
on a single line, we may choose a line l ⊂ Y such that q /∈ l and one
of the points p1, . . . , p9 is contained in l. Moreover, if there is a conic
containing 6 of the points p1, . . . , p9, then such a conic is unique, and
we can choose l so that it contains one of these 6 points (say, p9 again).
So we may assume that no 3 of the points of p1, . . . , p8 lie on a line, no
6 of them lie on a conic and all 8 are not contained in a twisted cubic.
Applying Corollary 2.4 to the points g−1(p1), . . . , g
−1(p8), g
−1(q), we
find a divisor D˜ ∼ 2s + 5f passing through g−1(p1), . . . , g
−1(p8) and
not passing through g−1(q). Now we construct the desired divisor as
D = g∗D˜ ∪ l. 
3. Q-factoriality
Throughout this section X denotes a nodal quartic threefold con-
taining no plains and singular at the points p1, . . . , ps.
In the case of a nodal threefold Q-factoriality is equivalent to fac-
toriality; on the other hand, factoriality of a nodal Fano threefold X
is equivalent to a topological condition rkH2(X,Z) = rkH4(X,Z) (in
our case rkH2(X,Z) = ρ(X) = 1). Hence to prove Q-factoriality of
X it suffices to check that for a small resolution h : X˜ → X we have
ρ(X˜) = s+1. To check this it is sufficient to show that, using the termi-
nology of [11], the defect of X equals zero (cf. the proof of Theorem 2
4
in [11], and also [9]). The latter condition means that the singular
points p1, . . . , ps impose independent conditions on the hypersurfaces
of degree 3 in P4, i. e. that for any point pi, 1 6 i 6 s, there is a cubic
hypersurface Di ⊂ P
4 such that pi 6∈ Di and pj ∈ Di for j 6= i.
The main tool for checking this independency condition is provided
by the following theorem proved in [12].
Theorem 3.1. The points p1, . . . , ps ∈ P
n impose independent con-
ditions on forms of degree d if each linear subspace of dimension k
contains at most dk + 1 of the points p1, . . . , ps.
The points p1, . . . , ps have the following property.
Lemma 3.2. No line contains 4 of the points p1, . . . , ps, no plane
contains 7, and no twisted cubic contains 10 of them. If the points
p1, . . . , p6 are contained in a plane P , then either X intersects P along
a (possibly reducible) double conic, or X intersects P along a union of
four different lines l1, . . . , l4 and the points pi, 1 6 i 6 6, coincide with
the points of pairwise intersections of the lines lj, lk.
Proof. The first three statements hold regardless to the assumption
that X contains no planes (see, for example, [8, Lemma 2.7]). Let
the points p1, . . . , p6 lie on a plane P . Assume that p1, . . . , p6 lie on a
conic Q. If there exists a point q ∈ (X ∩ P ) \ Q, then there is a two-
dimensional family of plane cubics passing through p1, . . . , p6, q. Let C
be a general curve of this family. Then C is irreducible and C ⊂ X ,
since otherwise the intersection index of C and X in P4 would be at
least 13. As C is movable, we have P ⊂ X that is a contradiction.
Now assume that X∩P is neither a conic nor a union of four lines. It
means that there is a point q ∈ X ∩P such that the points p1, . . . , p6, q
are not contained in a single conic, and no 4 of them are collinear. So
there is again a two-dimensional family of plane cubics passing through
p1, . . . , p6, q; a general curve of this family is irreducible and hence is
contained in X , a contradiction. 
Theorem 3.1 and Lemma 3.2 immediately imply
Corollary 3.3. Let s 6 10. Then X is Q-factorial.
On the other hand, Lemma 3.2 gives the following
Corollary 3.4. Assume that s > 11 and the points p1, . . . , ps are con-
tained in a reducible quadric surface (i. e. in a pair of planes which
span a three-dimensional subspace). Then either p1, . . . , ps impose in-
dependent conditions on the forms of degree 3, or p1, . . . , ps are also
contained in an irreducible quadric surface.
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Proof. Let p1, . . . , ps be contained in a union of the planes L and L
′ so
that p1, . . . , p6 ∈ L, p7, . . . , ps ∈ L
′, L ∩ L′ = l. Note that s 6 12, and
at most one of the points pi lie on the line l. In particular, p1, . . . , p6 are
contained in a conic if and only if p7, . . . , ps are, since our assumptions
imply that the union of four lines that intersect in singular points of
X intersects the line l at least by three points, and a conic intersects l
at most by two points.
Assume that the points p1, . . . , p6 lie on a conic Q1, and the points
p7, . . . , ps lie on a conic Q2. Note that Q1 ∩ l = Q2 ∩ l (otherwise X
would contain one of the planes L or L′), i. e. the conics Qi intersect l
by the same pair of (possibly coinciding) points. Any two conics with
such a property are contained in an irreducible quadric.
Hence if the points p1, . . . , ps are not contained in an irreducible
quadric, Lemma 3.2 implies that the intersection of X and L is a union
of four lines l1, . . . , l4. So the intersection of X and L
′ is also a union
of four lines; denote them by l′1, . . . , l
′
4. We may assume (renumbering
the lines l′i if necessary) that li ∩ l = l
′
i ∩ l. Now it is easy to see that
the points p1, . . . , ps impose independent conditions on the forms of
degree 3. (For example, to construct a cubic surface S1 passing through
p2, . . . , ps and not passing through p1, we may proceed as follows: if p1 is
not contained in l1 and l2, then S1 is a union of the planes P1 = 〈l1, l
′
1〉,
P2 = 〈l2, l
′
2〉 and some plane P3, passing through the only point of
p7, . . . , ps that lies on neither l
′
1 nor l
′
2, and passing through no other
singular point.) 
We’ll also need the following observations.
Lemma 3.5. Assume that s 6 12 and the points p1, . . . , ps are con-
tained in a three-dimensional subspace P3 ⊂ P4 but not in a quadric
surface. Then p1, . . . , ps impose independent conditions on the forms
of degree 3 in P3 (and hence in P4 as well).
Proof. We may assume that s = 12. It suffices to find a cubic sur-
face, passing through p1, . . . , p11 and not passing through p12. Since
the points p1, . . . , p12 are not contained in a single quadric, we may
find a quadric containing 9 of them (say, p1, . . . , p9) and not con-
taining p12. If the points p10, p11 and p12 are noncollinear, we may
construct the desired cubic surface as a union of this quadric with a
plane passing through p10 and p11 and not passing through p12. If the
points p10, p11 and p12 are collinear, Lemma 3.2 implies that the points
pi, p11 and p12 are not collinear for any 1 6 i 6 9. On the other
hand, not all the quadrics passing through the collections of the points
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{p1, . . . , p9, p10}\{pi}, 1 6 i 6 9, also pass through p12, and so we may
again obtain our cubic as a union of a quadric and a plane. 
Lemma 3.6. Assume that s 6 11 and the points p1, . . . , ps are con-
tained in a quadric surface. Then p1, . . . , ps impose independent con-
ditions on the forms of degree 3 in P4.
Proof. Due to Corollary 3.4 we may assume that the points p1, . . . , ps
are contained in an irreducible quadric. Corollary 2.5 finishes the proof.

Corollary 3.7. Assume that s = 12 and the points p1, . . . , p11 span a
three-dimensional subspace not containing p12. Then p1, . . . , p12 impose
independent conditions on the forms of degree 3 in P4.
Proof. Apply Lemma 3.5 and Lemma 3.6. 
Lemma 3.8. Assume that s = 12 and the points p1, . . . , p12 are con-
tained in a quadric surface. Then either p1, . . . , p12 impose independent
conditions on the forms of degree 3 in P4, or p1, . . . , p12 are contained
in a pencil of quadric surfaces in some three-dimensional subspace.
Proof. Due to Corollary 3.4 we may assume that the points p1, . . . , ps
are contained in an irreducible quadric Q; we may also assume that
s = 12. Now assume that any quadric passing through p1, . . . , p12
coincides with Q (otherwise the second assertion holds). Let us prove
that there exists a (reducible) cubic surface passing through p1, . . . , p11
and not passing through p12. Let Q
′ be a quadric different from Q,
such that Q′ contains 8 of the points pi (say, p1, . . . , p8) and does not
contain p12. If the points p9, . . . , p12 are noncoplanar, we may construct
the cubic surface in question as a union of a quadric Q′ and a plane
passing through p9, p10 and p11. So let the points p9, . . . , p12 lie in
a plane P ; renumbering the points p9, p10, p11 if necessary, we may
assume that P is spanned by p10, p11 and p12. By Lemma 3.2 this plane
contains at most two of the points p1, . . . , p8. Let these be p7 and p8
(a similar argument is applicable to the cases when P contains either
only one of the points p1, . . . , p8 or none of them). If all the quadrics
passing through the collections {p1, . . . , p8, p9} \ {pi}, 1 6 i 6 6, also
pass through the point p12, then the following condition holds: any
quadric, containing the points p7, p8 and p9 also contains p12, i. e. the
points p7, p8, p9 and p12 are collinear; the latter contradicts Lemma 3.2.
Otherwise there exists, say, a quadric Q1 containing p2, . . . , p9 and not
containing p12; now we obtain a desired cubic as a union of Q1 with a
plane passing through p1, p10 and p11. 
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Lemma 3.9. Assume that s = 12 and the points p1, . . . , p12 are con-
tained in a pencil of quadric surfaces in some three-dimensional sub-
space. Then X contains a quadric surface.
Proof. Let Q and Q′ be two different quadric surfaces containing
p1, . . . , p12; let a curve E be the intersection of Q and Q
′. We may
assume that Q and Q′ are irreducible and Q contains a point q ∈ X ,
q 6∈ E. Let H be a linear system on Q that consists of the restrictions
of the cubic forms vanishing at the points p1, . . . , p12 and q. Lemma 3.2
implies that H has no base components. But the intersection index of
the corresponding curves with X in P4 is at least 25, hence Q ⊂ X . 
Corollary 3.10. Assume that s = 12 and 11 of the points p1, . . . , p12
are contained in a three-dimensional subspace. Then X is either Q-
factorial, or contains a quadric.
Proof. Apply Corollary 3.7, Lemma 3.5, Lemma 3.8 and then
Lemma 3.9. 
Proof of Theorem 1.3. Due to Corollary 3.3 we may assume that
11 6 s 6 12. Let s = 11. If the points p1, . . . , p11 span a three-
dimensional subspace, they impose independent conditions on forms of
degree 3 in P4 by Lemma 3.6 and Lemma 3.5. If they span the whole
P4, the statement follows from Theorem 3.1 and Lemma 3.2.
Now let s = 12. If no 11 of the points p1, . . . , p12 are contained
in a three-dimensional subspace, then Q-factoriality of X is again im-
plied by Theorem 3.1. If 11 of these points are contained in a three-
dimensional subspace, we are done by Corollary 3.10. 
4. Some constructions
Example 4.1 (see, for example, [7, Example 3], [8, Example 1.21],
and [14, Example 6]). Let X be a quartic in P4 with homogeneous
coordinates (x0 : . . . : x4) containing an irreducible quadric. Then X is
described by an equation QQ′−LC = 0, where deg(Q) = deg(Q′) = 2,
deg(L) = 1, deg(C) = 3 (for brevity we’ll also denote the corresponding
hypersurfaces in P4 by the symbols L and C and the corresponding
quadric surfaces by the symbols Q and Q′). A sufficiently general
quadric of this kind has 12 simple double singularities and is apparently
non-Q-factorial.
Let y = Q/L = C/Q′, y′ = Q′/L = C/Q. A rational map
f : (x0 : . . . : x4) 7→ (x0 : . . . : x4 : y)
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gives a birational equivalence of X and a variety Y ⊂ P5(x0:...:x4:y) given
by the equations
yL = Q,
yQ′ = C.
Similarly a map f ′ : (x0 : . . . : x4) 7→ (x0 : . . . : x4 : y
′) transforms X
to a variety Y ′ ⊂ P5(x0:...:x4:y′) given by the equations
y′L = Q′,
y′Q = C.
The map f (resp., f ′) is a composition of one of the two small resolu-
tions of X , i. e. the blow-up of the (non-Cartier) divisor Q (resp., Q′),
and a contraction of the strict transform of the divisor Q′ (resp., Q)
to a singular point on Y . If Q′ is nonsingular, then the corresponding
point on Y is a simple double point. A composition f ′ ◦ f−1 : Y 99K Y ′
is a link of type II (see [13] for a definition). Varieties Z and Z ′ are
connected by a flop χ.
Z
χ
//_______
σ
 



φ

//
//
//
//
//
//
//
/ Z
′
σ′
  A
AA
AA
AA
A
φ′








Y Y ′
X
Similarly, if we have a general intersection Y of a quadric D2 and a
cubic D3 in P
5 with a unique simple double point p, then Y contains 12
lines l1, . . . , l12 passing through p, all of them contained in the common
tangent space L˜ to D2 and D3 at p (the generality condition lets us
assume that both D2 and D3 are smooth). Projection pi : Y 99K P
4
from the point p is a composition of a blow-up σ : Z → Y of the point
p and a contraction φ : Z → X of the preimages of the 12 lines. It is
easy to see that the image X of the variety Y under this projection is
a quartic, that it contains a quadric pi(L˜ ∩D2) and that it is singular
exactly at the 12 points pi(li).
Remark 4.2. If the quadric D2 from Example 4.1 degenerates to a
cone over a smooth three-dimensional quadric with a vertex at p, and
the cubic D3 passes through p and remains sufficiently general, then
Y has a unique simple double point and is birationally equivalent to
a non-Q-factorial double quadric ramified over a quartic section; the
double cover structure is given by the projection pi. Note that this gives
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an example of a non-Q-factorial nodal double quadric ramified over a
quartic section with the least possible number of singularities.
Remark 4.3 (cf. [6, Conjecture 9]). If the quarticX containing a quadric
is sufficiently general, then it has no (biregular) automorphisms inter-
changing the quadrics Q and Q′. Indeed, each automorphism of X pre-
serves the elliptic curve E = Q∩Q′ and acts on a set Q = {q1, . . . , q16}
of points qi ∈ E such that 4qi is a hyperplane section of E; if the
quadrics Q and Q′ are sufficiently general, then all the fixed points
of the automorphisms from Aut(E), acting on Q, are contained in Q.
Let τ1, . . . , τN ∈ PGL4 be all automorphisms of P
3 that act on the set
Q and have no fixed points on E \ Q; for t ∈ E \ Q let tj = τj(t),
1 6 j 6 N . Choose a cubic C so that C passes through t but not
through any of the points tj . Assume that there is a nontrivial auto-
morphism τ ∈ Aut(X). Let τ ′ ∈ PGL4 be such an automorphism of
the subspace L that τ |L = τ
′|L. Then τ
′ must coincide with one of
the automorphisms τj . Moreover, it must act on the set of the singular
points of X , and one of these is t. Hence τ ′ = id.
Now let X be a quartic without automorphisms interchanging Q and
Q′. Then the varieties Y and Y ′ are not isomorphic since any isomor-
phisms of Y and Y ′ gives rise to an automorphism of X interchanging
Q and Q′. Hence a general complete intersection of a quadric and a cu-
bic in P5 with one singular point is not birationally rigid. On the other
hand, one can easily construct an example of a quarticX corresponding
to isomorphic Y and Y ′ (see [14, Example 6]).
A complete intersection of a quadric and a cubic in P5 is a popular
object of study. A general variety Y of this type is proved to be bi-
rationally rigid, and the group of its birational automorphisms Bir(Y)
is completely described (see [1] and [3]). This group is a semidirect
product of its subgroup of biregular automorphisms Aut(Y) and a sub-
group generated by birational involutions corresponding to lines and
conics with linear spans contained in the quadric. The former involu-
tions come from the double cover structures, and the latter correspond
to elliptic fibrations. The following example shows that there are some
more birational involutions in the singular case.
Example 4.4. Let B ⊂ Y be a conic passing through the singular
point p such that its linear span is not contained in D2 (a general
Y contains 240 conics of this type — see Remark 4.6). A general
three-dimensional subspace containing B intersects D2 by a nonsingu-
lar quadric S, and B is a curve of bidegree (1, 1) on S. The intersec-
tion of D3 with S consists of B and an elliptic curve B
′ of bidegree
(2, 2), passing through p and intersecting B by three more points. Let
10
g : Y˜ → Y be a composition of blow-ups of p and of a strict transform
of the conic B; let E and F be the corresponding exceptional divisors.
Then Y˜ is endowed by a structure of an elliptic fibration φ : Y˜ → P2
with a section E and a 3-section F . A reflection with respect to the
section E (defined at least on smooth fibers) gives rise to a birational
automorphism τ˜B of Y˜ and to a birational involution τB of Y . The
action of τ˜B on Pic(Y˜ ) is described by Statement 4.5.
Statement 4.5 (cf. [3, Lemma 5.1.3]). Let h, f and e denote the
classes of H, F and E in Pic(X˜). Then
τ˜ ∗Bh = 15h− 8f − 16e,
τ˜ ∗Bf = 14h− 7f − 16e,
τ˜ ∗Be = e.
Proof. The third equality is obvious. Let G be a general fiber of the
fibration φ; let hG, fG and eG denote the restrictions of h, f and e to
G. Note that τ˜B acts on Pic(G), and
τ˜ ∗BhG = 8fG − hG +m(hG − fG − eG)
for some m ∈ Z since the kernel of the restriction map Pic(X˜) →
Pic(G) is generated by the class hG − fG − eG.
Let S = φ−1(l) denote a preimage of a general line l ⊂ P2; let hS, fS
and eS be restrictions of h, f and e to S. Then
h2S = 4, hSfS = 0, hSeS = 2,
f 2S = e
2
S = −2, fSeS = 1.
Since (τ˜ ∗BhS)
2 = h2S = 6, we have
6 = ((8fS − hS) +m(hS − fS − eS))
2 = −122 + 8m,
and hence m = 16 that gives the first equality.
Finally, the second inequality is implied by the other two since the
involution τ˜B preserves the class h− e− f . 
Remark 4.6. If X is sufficiently general, then through any of its sin-
gular points pi, i = 1, . . . , 12, there pass 24 lines li,j, j = 1, . . . , 24;
two of them (say, li,1 and li,2) are contained in the quadric Q
′, two
(say, li,3 and li,4) are contained in the quadric Q, and other 20 are not
contained even in the subspace L. Each of the points pi corresponds
to a birational involution σi of X , and each line li,j corresponds to a
birational involution σi,j (see [4] or [3]). On the other hand, each conic
B ⊂ Y such that its linear span is contained in D2 corresponds to a
birational involution τB of Y (see. [1] or [3]); each conic B ⊂ Y such
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that its linear span is not contained in D2, and p ∈ B, also corresponds
to some birational involution τB (see Example 4.4). The images of
the lines li,3 and li,4 under the map f are conics Bi,3, Bi,4 with linear
spans contained in D2, and the images of the lines li,j, 5 6 j 6 24, are
conics Bi,j with linear spans not contained in D2. All the conics Bi,j,
1 6 i 6 12, 3 6 j 6 24, pass through the singular point p. Finally, let
li ⊂ Y be a line such that φ(li) = pi; each line l ⊂ Y corresponds to a
birational involution τl (see [1] or [3]). Under the natural isomorphism
of the groups Bir(X) and Bir(Y ) the involutions σi are identified with
the involutions τli , 1 6 i 6 12, and the involutions σi,j are identified
with the involutions τBi,j , 1 6 i 6 12, 3 6 j 6 24.
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